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A study is made of topological rings and algebras with dense so& and 
connections with the theory of annihilator and dual rings. This is followed by an 
investigation of semisimple Banach algebras which are right complemented and 
those which are r.w.c.c. with dense socle (i.e., right multiplication is weakly 
completely continuous). 
1. INTRODUCTION 
In this paper as well as elsewhere one is sometimes confronted with a dense 
semisimple subalgebra A of a semisimple Banach algebra B and then seeks to 
deduce something about A(B) from information about B(A). In some cases, 
A is a Banach algebra in some norm but this in other situations is too restrictive. 
A case in point is Theorem 4.4 which states that a dense subalgebra A of a dual 
B*-algebra B is dual if A contains every self-adjoint minimal idempotent of B. 
There is a sizable literature on abstract Segal algebras of which we cite only 
[Ia. Here A is a Banach algebra in some norm Ij x [iA and is a left ideal in B. 
Our research leads us to a related but different concept. Suppose that A is a 
semisimple Banach algebra with dense socle S, . Then A is r.w.c.c. if and only 
if there is a normed algebra norm on A whose completion B is semisimple with 
S, as a dense left ideal, where B is, in addition, an annihilator algebra. We 
describe this relation involving A, B, and S, by saying that A is a (left) snug 
subalgebra of B. If A is a left snug subalgebra of B, then A is r.w.c.c. if and 
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only if B is. If A is an annihilator algebra, so is B. Our results show that if A 
is an abstract Segal algebra in B and B is not an annihilator algebra then neither 
is A. 
2. PRELIMINARIES 
Let A be a topological ring (algebra). By an ideal we shall always mean a 
two-sided ideal unless otherwise specified. For any subset S in A, lA(S) and 
rA(S) will denote, respectively, the left and right annihilators of S in A, and 
clA(S) will denote the closure of S in A. The socle of A will be denoted by S, . 
We call A modular annihilator if every modular maximal left (right) ideal of A 
has a nonzero right (left) annihilator. If A is semiprime (i.e., A has no nonzero 
nilpotent one-sided ideals) then A is modular annihilator if and only if A/S, is 
a radical ring (algebra) [26, Th eorem 3.4, p. 381. A semisimple Q-ring (algebra) 
with dense socle is modular annihilator [26, Lemma 3.11, p. 411; in particular, 
a semisimple Banach ‘algebra with dense socle is modular annihilator. 
Let A be a semiprime ring (algebra). We shall use the following facts. 
(I) If K is an ideal in A then Z,(K) = rA(K). (See [26, p. 371.) We 
denote the common value of Z,(K) = rA(K) by Ka. A minimal right (left) ideal 
of A has the form eA(Ae), where e is an idempotent. Such an idempotent is 
called a minimal idempotent of A. 
(II) If K is an ideal in A, the minimal idempotents of K are the minimal 
idempotents of A which lie in K. (See [26, p. 411.) Also note that K is semiprime. 
(III) If K is an ideal in A and e is a minimal idempotent of A then either 
eEKoreEKa. 
See [27, p. 3211 for a more general result.It follows from (III) that S,CK+ Ku. 
We use this result below to see that K + Ku is dense in A if A has dense socle. 
Let A be a topological ring. We say that A is right supplemented if given a 
closed right ideal I of A, I # A, there is right ideal W # (0) of A such that 
In w = (0). w e call W a right supplement for I. We say that A is a right 
annihilator ring if for each closed left ideal 1, I # A, we have ~~(1) # (0). An 
annihilator ring is one which is both a left and right annihilator ring. 
We use D,(A) to denote the intersection of the closed modular maximal 
right ideals of A. The hypothesis on A that D,(A) = (0) was first found useful 
by Kaplansky [13, p. 6921 and this requirement enters into our work. 
The Banach algebras of this paper are algebras over the field of complex 
numbers. 
Let A be a Banach algebra and let L, be the set of all closed right ideals of A. 
We say that A is right complemented (r.c.) if there exists a mapping p: R + RP 
of L, into itself (called a right complementor) having the following properties: 
.580/28/z-8 
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(C,) R n lip = (0) (R EL,); 
(C,) R + R” =-= A (REEL,); 
(C,) (Ru)p = R (R EL,); 
(C,) if R, C R, then Ii,” C RIP (R, , R, EL,). 
Analogously we define a left complemented Banach algebra and a left comple- 
mentor. If A is a semisimple r.c. Banach algebra then S, is dense in A [21, 
Lemma 5, p. 6551 and, for every x E A, x E cl,(xA) [I, Lemma 3, p. 391. 
A semisimple right or left annihilator Banach algebra also has dense socle 
[20, p. 6991. But there are semisimple Banach algebras with dense socle which 
are not right or left annihilator algebras and not right or left complemented. 
To see this consider first Example 1 in [2, p. 7371, which provides an annihilator 
A*-algebra A, which is not dual and therefore does not have the property that 
x E cl,(xA,) for all x E A, . Then A, is not a right complemented Banach algebra 
by [I, Lemma 3, p. 391. Of course A, is not left complemented either. Next let 
A, be a semisimple left annihilator Banach algebra which is not right annihilator 
as given in [26, Example 4.3, p. 421. Let A, be the opposite algebra to A,, i.e., 
define the product xy in A, to be yx in A, . The algebras A, , A,, A, have 
have dense socle and therefore so does their direct sum A = A, @ A, @ A, . 
On the other hand A is not a left or right annihilator algebra and is neither left 
or right complemented. 
Let A be a Banach algebra. An element a E A is called left weakly completely 
continuous (I.w.c.c.) if the mapping L, defined by L,(x) = ax, x E A, is weakly 
completely continuous. Likewise we consider R, , R,(x) = ~a, x E A, and 
define a to be r.w.c.c. if R, is weakly completely continuous. We say that A is 
1.w.c.c. (r.w.c.c.) if each a E A is 1.w.c.c. (r.w.c.c.) and call A W.C.C. if it is both 
I.w.c.c. and r.w.c.c. 
Special classes of semisimple W.C.C. Banach algebras were studied in [17]. 
Here we develop a theory of semisimple I.w.c.c. (r.w.c.c.) Banach algebras 
with dense socle. Every semisimple annihilator Banach algebra and every semi- 
simple complemented Banach algebra are W.C.C. with dense socle. Alexander [2] 
gave an example of a semisimple complemented Banach algebra which is not an 
annihilator Banach algebra and an example of a semisimple annihilator Banach 
algebra which is not complemented. From this one sees that there are semisimple 
W.C.C. Banach algebras with dense socle which are neither annihilator nor 
complemented algebras. 
3. B&XC IDEAL THEORY FOR CERTAIN TOPOLOGICAL RINGS 
Let A be a semiprime topological ring (or algebra). Our first concern is the 
“inheritance problem.” If K is an ideal in A (not necessarily closed) and A has 
some additional property (such as having dense socle, being an annihilator 
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or dual ring) does K necessarily inherit these properties from A ? A related 
question is the nature of a quotient ring A/K in case K is a closed ideal. The 
answers are neatest when A is a dual ring. An ideal Kin A is then always dual. 
If A is dual and has dense socle and K is closed, then A/K is semiprime, dual 
and has dense socle. 
THEOREM 3.1. Let A be a semiprime ring (algebra). Then the following state- 
ments are equivalent: 
(1) S, is dense in A; 
(2) A is right supplemented and D,(A) = (0); 
(3) A is left supplemented and D,(A) = (0). 
Proof. Assume (I). Let I be a closed right ideal of A, I # A. There is a 
minimal idempotent e not in I by (1). Then 1 n (eA) = (0) so that A is right 
supplement. Let E denote the set of all minimal idempotents of A. Inasmuch as 
we get (2). 
(0) = r,,(SJ = n ((1 - e)A : e E E}, 
Assume (2) and let M be a closed modular maximal right ideal of A. There is a 
right ideal W # (0) such that M n W = (0). Then A = M @ W. Let j be a 
left identity for A modulo M. We can writej = u + v, where u E M and v E W. 
Note that (1 - j) A C M. This gives (1 - u - v) A C M whereas uA C M. 
Therefore (1 - v) A C M. Consequently (1 - v) v E M n W = (0). Hence v is 
a nonzero idempotent and A = VA @ (1 - v)A. Inasmuch as A = M @ VA 
and(l -v)ACM,weget(l -v)A=Mandv~E.Itfollowsthat~((l--e)A: 
e E E} == (0) and thus rA(SA) = (0). Let K = clA(SA). If K # A there is a 
right ideal J # (0) such that K n J = (0). But then JK = (0) which contradicts 
Z,(K) == (0). Thus S, is dense in A. 
In statements (2) and (3) the requirements D,.(A) = (0) and D,(A) = (0) 
could both be replaced by SAa = (0). 
PROPOSITION 3.2. FOY a left annihilator topological ring (algebra) A the 
following statements are equivalent: 
(1) A has dense socle; 
(2) D,(A) = 0% 
(3) s,a = (0). 
Proof. Clearly (1) implies (3) and (3) implies (2). Assume (2). Let M be a 
closed modular maximal right ideal of A. By [26, Lemma 3.3, p. 381 there is a 
minimal idempotent e such that M = (1 - e)A. Therefore, if E is the set of 
minimal idempotents of A, (0) = n{(l - v)A : v E E} = S,,a. Thus we get (3) 
and therefore (1). 
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We emphasize that in the next three theorems the ideal K need not be closed 
in A. 
THEOREM 3.3. Let A be a semiprime topological ring (algebra) with dense 
socle. Let K be an ideal in A. Then the following statements are equivalent: 
(1) K has dense socle; 
(2) K is right supplemented; 
(3) K is left supplemented; 
(4) KA is dense in K; 
(5) AK is dense in K; 
(6) K2 is dense in K. 
Proof. Reference [26, Lemma 3.10, p. 411 shows that &(S,) = rK(SK) = (0). 
Therefore as in the proof of Theorem 3.1 we see that D,(K) = D,(K) == (0) 
Hence via Theorem 3.1 we see that (1) is equivalent to each of (2) and (3). 
Obviously (1) implies (6) which in turn implies each of (4) and (5). 
We show that (5) implies (2). Let I b e a right ideal of K which is closed in K. 
If there exists no right ideal W # (0) of K such that W n I = (0), then 1 
contains every minimal right ideal of K. Then SK C I. By [26, Lemma 3.10, 
p. 411, SK = S,.,K. Then S,K CI. But S, is dense in A. Therefore, by (5), 
K = cl,(AK) = I. Hence K is right supplemented. Likewise (4) implies (3). 
THEOREM 3.4. Let K be an ideal in a semiprime left annihilator topological 
ying (algebra) A. The following statements are equivalent: 
(1) K is a left annihilator topological ring (algebra); 
(2) AK is dense in K; 
(3) K2 is dense in K. 
Proof. By algebraic theory, K is semiprime. If x E K and xK2 = (0), we 
have xK = (0) and therefore x = 0. Consequently, l,(K2) = (0). Hence (I) 
implies (3). Clearly (3) implies (2). 
Assume (2) and let I be a closed right ideal of K such that &(I) = (0). To get (1) 
we must show that I is dense in K. Let W = cl,(l). Note that l,(K @ K”) is a 
nilpotent left ideal in A and therefore is (0). Hence K @ Ka is dense in il. 
Also WK” = (0). From this we see that Wis a right ideal of A for W(K @ K”) C 
W. Now Iy(W) = (0). Thus KZ,.,( W) C &(W) = (0). Therefore l,(1) C K”. 
On the other hand, as I C K, we also have l,(I) 1 Ku. As Z,(I) = ZA( W), we 
see that ZA( W) = Ku. 
Consider the right ideal I’ = rA(W)W. Clearly V2 = (0) so that I’ = (0). 
This tells us that rA( W) C IA(W) = K”. From 1 C K we get ~~(1) 2 K”. 
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Consequently rA(W) = I,@‘) = KQ. If x(W + Ku) = (0), then x E Ka n 
Ka@ = (0). Th ere f ore the right ideal W + Ka of A is dense in A. But 
(W+ K”)KC WKC W. 
Therefore cl,(AK) C W. By our assumption (2) we get I dense in K. 
In the case of a semisimple annihilator Banach algebra A, there can be a closed 
ideal K which is not an annihilator algebra (see [27, p. 3121). In the positive 
direction we have the following: 
COROLLARY 3.5. Let K be an ideal in a semi’rime annihilator topological ring 
(algebra). Then K is right annihilator if and only if it is left annihilator. 
Proof. This follows from Theorem 3.4. 
The situation is neater for dual rings. The following result is proved in [13] for 
closed ideals K. 
THEOREM 3.6. Let K be an ideal in a semiprime dual ring (algebra) A. Then 
K is dual. 
Proof. Let K,, = cl,(K). By [13, Th eorem 2, p. 6901, K,, is dual and further 
x E ~l,~(xK,), x E ~l,~(K,,x) for all x E K,, . Let I be a right ideal of K, I closed 
in K. Then IK is dense in I and is a right ideal of A. We have 
z,(z) = Z,(IK) = [Z&K)] n K. 
Also K&(IK) is in K and is dense in &(IK). Therefore 
k(Z) = &(Kko(~K)). 
Therefore 
r&AZ)) = rdKkoVK)) = r,&(W) 
= [rK,(ZKO(IK))] n K = cl&K) n K = I. 
Therefore K is dual as we also can get ly(rK(W)) = W for a left ideal W of K 
closed in K. 
THEOREM 3.7. Let A be a semiprime topological ring (algebra) with dense 
socle. Suppose that K is a closed ideal in A. Then A/K is semisimple if and only 
if K = Kaa. In that case A/K has dense socle. If K = Kaa and A is right 
annihilator, so is A/K. 
Proof. Let v be the natural homomorphism of A onto A/K and let J be the 
complete inverse image of the radical of A/K. Consider a minimal idempotent e 
of A, e $ K. Now eJe is an ideal in the division ring (algebra) eAe. Therefore 
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eJe = (0) or eJe = eAe. If eJe = eAe then n(e) is a nonzero idempotent in the 
radical of A/K, which is impossible. Therefore eJe = (0), ( Je)2 = (0) so that 
Je = (0). Thus for every minimal idempotent z’ of A, Jv C K and so JS, C K. 
Consequently JA C K. 
Let (A : K) = (3 E A : xA C K}. We show that J = (A : K). For this we 
must see that (A : K) C J. Let z E (A : K). We have n(z) r(A) = (0) and r(z) 
is in the radical of A/K. Therefore z E J. 
We also show that (A : K) = K aa.Ifx~(A:K),zACKand~KQCK~ 
Ka = (0) so that z E Kaa. Conversely suppose that x E Ka”. As pointed out 
above, S, C K @ K”. Then xS, C x(K @ Ka) C K. This gives xA C K and 
x E (A : K). Putting things together we have J == K if and only if K = Kaa. 
Suppose that K = Ku” and let e be a minimal idempotent of A, e $ K. 
Now n is a homomorphism of eAe onto n(e) r(A) r(e). As eAe is a division ring 
(algebra), n is one-to-one on the domain of definition eAe. Therefore r(e) is a 
minimal idempotent in A/K. From this we see that n(SA) is contained in the 
socle of A/K. Inasmuch as S, is dense and QT is continuous, the socle of A/K 
must be dense in A/K. Suppose also that A is right annihilator. Let W be a 
closed right ideal of A/K, W # A/K. Th en r-l(W) is a closed right ideal of A, 
KC z--l(W) and +( w> + A. There exists B E A, ,a # 0, in Y~(T+( W)). But 
z-l(W) n yA(cl(W)) = (0) so that Wm(z) = (0) with n(z) # 0. 
There exist examples of a commutative Banach algebra which is an annihilator 
algebra (therefore with dense socle) and which has a closed ideal K such that 
K # Ku”. For a discussion of this point see [27, p. 3121. 
THEOREM 3.8. Let A be a semiprime dual topological ring (aZgebra) with dense 
socle. Let K be a closed ideal in A. Then A/K if a semisimple dual ring (algebra) 
with dense socle. 
Proof. By duality, K = Kaa. Via Theorem 3.7, A/K is semisimple. Let 7 be 
the natural homomorphism of A onto A/K. In working with A/K let L(S) 
(R(S)) denote the left (right) annihilator of a set S in A/K. Since x E cl,(xA) 
for all x E A, by [13, p. 6901, m x is in the closure in A/K of r(x) A/K. ( ) 
Let W be the complete inverse image in A of a closed right ideal in A/K. 
The latter right ideal is n(kV). Suppose z E A and T(Z) E R(L(r( W))). Then 
P(Y) T(Z) = 0 if 77(y) m(W) = (0) f or all y E A. In other words, yz E K if 
yw E K for all w E W. Take any v E Ku. Then yzv = 0 if yW C K. Hence 
xv E yA(ZA(W)) = W. This gives n(z) r(Ka) C w(W). 
Inasmuch as S, C K @ Ku, K @ Ka is dense in A and rr(KQ) is dense in 
A/K. Thus T(Z) E T(W) as required. 
COROLLARY 3.9. Let T be a continuous homomorphism of a semisimple dual 
topological ring (algebra) A with dense socle into a topological ring (algebra) B. 
Then T(A) is semisimple, is dual, and has dense socle. 
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Proof. Let n be the natural homomorphism of A onto A/T-l(O). We can 
write T = Tgr, where Tl is a continuous isomorphism of A/T-l(O) onto T(A). 
For a closed right ideal W of T(A), T;‘(W) is a closed right ideal in A/T-l(O) 
by the continuity of Tl . As A/T-‘(O) is dual by Theorem 3.8, the right ideal 
W has the desired duality property. 
THEOREM 3.10. Let K be a closed ideal in a semiprime topological ring (algebra) 
A, where K = Kaa. If A/K is semisimple and z. both K and A/K have dense socle, 
then A has dense socle. 
Proof. We show first that A is right supplemented. Let I be a closed right 
ideal of A, I # A. Suppose first that I p K. Then K n I # K. As K is right 
supplemented by Theorem 3.1, there is a right ideal W # (0) of K such that 
W n (K n I) = (0). Note that WK # (0) since K is semiprime. Also WK C W 
so that WK is a right ideal # (0) in A, where I n (WK) # (0). 
We examine next the case where I r> K. If I = K then Ka is a nonzero right 
supplement for I. Therefore we may suppose that I # K. Then I/K is a closed 
right ideal of A/K, I/K # A/K. By Th eorem 3.1 there exists a right ideal V of A, 
I/ containing K, I’ # K such that 
(I/K) n (VW = (0). 
From this it follows that I n V = K. We claim that V n K” # (0). For 
otherwise VKa = (0) and V C Ka” = K which is impossible. Inasmuch as 
In(VnKa)=(InV)nKa=KnKa=(0), 
we have V n Ka # (0) as a right supplement for I. 
Let rr be the natural homomorphism of A onto A/K. For each closed modular 
maximal right ideal M of A/K, n-i(M) is a closed modular maximal right ideal 
of A. Since, by Theorem 3.1, D,(A/K) = (0), there is a set of closed modular 
maximal right ideals of A whose intersection is precisely K. To see that D,(A) = 
(0) we have then to show that no element w # 0 in K lies in D,(A). For suppose 
w E K, w E D,(A). Let Q be the set of minimal idempotents of K. As noted 
above these are the minimal idempotents of A which lie in K. Now each e E Q, 
(1 - e)A is a closed modular maximal right ideal of A. Therefore w E (1 - e)A 
for each e E Q. Thus ew = 0 for all e E Q. From this we get Sxw = (0). But by 
hypothesis SK is dense in K. Therefore Kw = (0) so that w = 0 as K is semi- 
prime. We have D,(A) = (0), and so, by Theorem 3.1, A has dense socle. 
4. DENSE SEMISIMPLE SUBALCEBRAS OF SEMISIMPLE BANACH ALGEBRAS 
We consider here a dense semisimple subalgebra A of a semisimple Banach 
algebra 
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Let B be a semisimple dual Banach algebra If 1 is a dense ideal in B, then I is 
a semisimple dual-normed algebra with dense socle by Theorems 3.3 and 3.6. 
Even under favorable conditions this can fail if I is replaced by a dense sub- 
algebra A. In fact we give an example where A is a semisimple dense subalgebra 
with dense socle and yet iz is not even an annihilator algebra. 
Consider the example [26, Example 2.6, p. 311 with the very minor modification 
that the Banach space mentioned there is I, not Ii. The algebra 23 of that 
example is then a semisimple dense subalgebra with dense socle of the dual 
algebra of all compact linear operators on Za . Now B has a maximal-closed 
modular left ideal M which is not a modular maximal left ideal. By [26, Theorem 
3.5, p. 391, %J cannot be a right annihilator algebra. 
This example has the further property that S, is a right ideal of B whereas A 
is not a right ideal of B. In Section 6 examples will occur naturally, where S, 
is a one-sided ideal of B. 
LEMMA 4.1. S, is a left (right) ideal of B if and only if every minimal left 
(right) ideal of A is complete in the norm of B. If S, is a dense ideal of B then 
s, = s,. 
Proof. Suppose that S, is a left ideal of B. For a minimal left ideal I = Ae, 
e = e2, of A we have IC Be = (Be)e C Ae. Therefore I = Be so that I is 
complete in the norm of B. Conversely suppose that every minimal left ideal 
of A is complete in the norm of B. For a minimal left ideal K = Ap, p = pz, 
of A, cl,(K) = Bp. Then Ap = Bp and we see that S, is a left ideal of B. 
For a minimal idempotent e of A, eA = eBe = (ce : c complex) by the 
Gelfand-Mazur theorem. Therefore S, C S, . Suppose now that S, is a dense 
ideal in B. Let K be a minimal right ideal of B. Then KS, # (0) so that KS, = K 
by the minimality of K and the fact that S, is a right ideal of B. But KS., C S, 
as S, is a left ideal of B. Therefore K C S, so that SB C S, . 
THEOREM 4.2. Suppose that S, is a dense ideal in B. If B is a dual or an 
annihilator algebra so is A. 
Proof. Suppose that B is dual. By Theorem 3.6, S, is dual. Lemma 4.1 
makes S, dual. As B is dual it follows from [13, Theorem I, p. 6901 that 
x E cl,(Ax) and x E cl,(xA) for each x E A. Then [13, Theorem 7, p. 6941 
assures us that A is dual. 
Let B be an annihilator algebra and let K # A be a closed right ideal of A. 
Then KB cannot be dense in B. Therefore Z,(KB) # (0). However, Z,(KB) 
contains a minimal idempotent p of B. Inasmuch as S, = S, by Lemma 4.1, 
PEA. 
DEFINITION. An algebra A over the complex field with an involution x ---f x* 
is called a pre-B*-algebra in the norm 1 x / if it is a normed algebra in that norm 
and 1 X*X 1 :-= 1 x ~2 for all N E A. 
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Consider a pre-B*-algebra A. Clearly 1 x 1 = / x* / for all x E A. Therefore 
the completion of A is a B*-algebra. Also A is semisimple by [19, Theorem 
(4.1.19) p. 1881. If a normed algebra E is semiprime, has proper involution, 
and has dense socle (or more generally if SEa = (0)) then E is a pre-B*-algebra 
in a suitable norm / x 1 by [25, Theorem 5.2, p. 3581. We also cite a result of 
Barnes [6, Lemma 2.6, p. 2871 which shows that if the pre-B*-algebra A is a 
modular annihilator algebra, then S, is dense in A. 
COROLLARY 4.3 [7]. Let A be a pre-B”-algebra which is a modular annihilator 
algebra. If each minimal left ideal in A is complete, then i2 is dual. 
Proof. See [7, Theorem 5.1, p. 5451. Our proof is along entirely different 
lines. Let B be the completion of A. As noted above, S, is dense in A so that 
also S’s is dense in B. By [15, Theorem 2.1, p. 2221, we see that B is dual. 
Inasmuch as s + x* is an isometry, every minimal right ideal in A is complete. 
By Lemma 4.1, S, = S, . Theorem 4.2 will now yield the desired result. 
It is possible to deduce the duality of A from that of B even if S, is not a 
one-sided ideal of B if B is very well behaved. 
THEOREM 4.4. Let B be either an H*-algebra or a dual B*-algebra. A dense 
subalgebra A which contains every self-adjoint minimal idempotent of B is a dual 
algebra. 
Proof. We shall need the following knowledge about B. Let K be a closed 
right ideal of B. Let {e, : 01 E r} be a maximal family of mutually orthogonal 
self-adjoint minimal idempotents contained in K. Let {em : 01 E (1) be a maximal 
family of mutually orthogonal self-adjoint minimal idempotents of B, where 
the index set fl contains the index set I’. Then K is the closure in B of the 
algebraic sum C e,B, a E r and l,(K) is the closure in B of the algebraic sum 
C Be, for a! ~/l, 01$ r. For dual B*-algebras see [17, Lemma 6, p. 231. For 
H*-algebras this follows from [13, Theorem 12, p. 6971. 
Consider the case where K is the closure in B of a closed right ideal I of A. 
We show that 
47(l,4(0) = ht(cb(~)). (1) 
First observe that 
lB(clg(l)) = cl, (c Be,: a: E A, a $ Tj 
= 43 (C 
Ae,:orEA,ol$F. 
1 
But each e, E A so that 
l,(I) = A n lB(clg(l)) = cl, (c Ae,: 01 E A, 016 rj. 
From these relations we get (I). 
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We have also, using the fact that B is dual, that 
The algebra A of Theorem 4.4 is necessarily semisimple. For let J be the 
radical of A. If J # (0) the ideal clB(J) contains a self-adjoint minimal idem- 
potent e of B. Since e E A, e E cl,(J). By the Gelfand-Mazur theorem, eBe -= 
eAe = {Ae : X complex}. But then we see that (0) # eJe. Thus e E J. This is 
impossible so that J = (0). 
In the next result we deduce annihilator properties of B from those of =I. 
THEOREM 4.5. Suppose that S, is a dense left ideal in B and that d is a 
Banach algebra in the norm /I x lIA . If A is a left annihilator algebra (in ji x ;I,) 
then B is a left annihilator algebra. 
Proof. Since S, C S, then SB is dense in B so that B is a modular annihilator 
algebra [26, Lemma 3.11, p. 411. It follows from [6, Corollary, p. 10361 that 
there exists D > 0 such that jj x IIB < D jl x IIA for all x E A. 
Let K be a closed right ideal of B, K # B, K # (0). Note that (0) f KS, C 
K n A. Furthermore, K n A is now seen to be closed in A in the norm Ij x /IA . 
Moreover, K n A cannot be dense in A in the norm Ij x [IA for otherwise K would 
be dense in B. Therefore there exists x # 0 in A such that z(K n A) -= (0). 
But then z&S, =I (0) so that, from our assumptions, we get .zK = (0). 
5. COMPLEMENTED BANACH ALGEBRAS 
Let A and B be semisimple right complement Banach algebras such that A is 
a dense ideal of B. Let p(q) be a right complementor on A(B). Denote the closed 
right ideals of A(B) by I(R). We g ive conditions on A(B) under which the 
mapping Y: I - [cl,(l)]g n A(s: R -+ clg([R n Ala)) is a right complementor 
on A(B). We say that T(S) is a right complementor on A(B) induced by q(p). 
In [22] the problem of induced complementors was considered for A a dual 
A*-algebra and B the completion of A. 
LEMMA 5.1. Let A be a Banach algebra which is a dense ideal in a semisimple 
Banach algebra B. Then there exist constants C >m 0 D > 0 such that /I a IjB < 
D~[a~j,foraZZa~A,und 
(i) IlabII, ,(Clja/),/Ib~lsforaZZa~Aandb~B,and 
(ii) IIbuIj, ~C~~b~J~~/a~I,foraZZb~Bandu~A. 
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Proof. This follows from [8, Proposition 2.2 and Theorem 2.3, p. 31. When A 
and B are A*-algebras, Lemma 5.1 reduces to [17, Lemma 4, p. 181. 
Notation. Let A and B be Banach algebras such that A is an ideal of B. 
Let B . A(A . B) be the subspace of A generated by the elements ba (ab), 
b E B and a E A. Clearly B . A and A . B are ideals of A. 
THEOREM 5.2. Let A and B be semisimple Banach algebras such that A is a 
dense ideal of B. Assume that A contains a bounded approximate identity {Us} of B. 
Let Ij . jl’a be the norm on A given by j/ x Ij’a = sup(j/ xy ljA : y E A, II y /IA = l} 
for all x E A. Then the following statements are true: 
(i) If the norms 11 . ljlA and11 * /Is are equivalent on A and p is a right comple- 
mentor on A, then the map s: R + cl,([R n Ali’) on the closed right ideals R of B 
is a right complementor on B. 
(ii) If A B and B A are both dense in A with respect to 1) . [iA and q is a 
right complementor on B, then r: I -+ [cl,(I)]q n A on the closed right ideals I of A 
is a right complementor on A. 
Proof. (i) Let p be a right complementor on A. Then S, is dense in A 
and hence dense in B since [I x IIB < D I/ x IJA , for all x E A, by Lemma 5.1; 
moreover S, = S, . Thus B . A and A . B are both dense in A and therefore, 
by [8, Theorem 3.4, p. 51, M = cl,(M) n A for every closed left (right) ideal 
M of A. Let R be a closed right ideal of B. We claim that R = clB(R n A). 
Clearly R n A is a closed right ideal of A and clB(R n A) C R. Let x E R. 
Then XA C R n A and, since A is dense in B and B a bounded approximate 
identity, x E cl,(xB) = cl,(xA) C cl,(R n A). Hence R C cl,(R n A) and so 
R = d,(R n A). Thus 
(RS)S = clg([clg([R n Alp) n Alp) = R, 
so that R -+ RS satisfies (Ca). It is clear that R -+ R* satisfies (C,). We observe 
that RS n A = [R n Ale. To see that R -+ RS satisfies (C,), let x E R n R”. 
Then 
xAC(RnA)n(RsnA)=(RnA)n[RnA]Q=(O). 
Since A is dense in B and B is semisimple, we obtain x = 0. It remains to show 
that R --t R* satisfies (C,). Assume that II . ll’a and II * ]IB are equivalent so that B 
is the completion of A in /I . Il’a. Let x E B and let {xn} be a sequence in A such 
that/Ix,--lI),+O.Thenx, =z,+w,withz,~RnAandw,,~[RnAA]~, 
for all 8. Let P be the projection on A with range R n A and null-space [R n Alp. 
We have Px, = z, and (1 - P)x, = w, for all n. Since R n A and [R n A]P 
are closed subspaces of A, P is continuous. Now, for all y E A, 
ll(z, - %)Y II/l < II P(%Y) - f%YN4 + II P(XY) - ~bnY)IlA 
< II p IIA (ll(% - X)Y IIA + /I XY - %nY IW 
< c II p Ila(ll xv2 - 2 IIB II Y II/l + II x - %I lb II Y Ilah 
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where the constant C comes from Lemma 5.1 and // P jlA is the norm of P with 
respect to 11 . lIA . Hence 
II 2, - zwL IllA < C I/ Plla(/l x, - x lIB + II x - xm lid, 
so that {x,> is a Cauchy sequence in B. Similarly {wn} is a Cauchy sequence 
in B. Let x = lim, z, and w = lim, w, . Then 
II x - (z + W)IIB = liy II x, - (z + w)//B 
< li,m (II z, - z IIB + II w, - w IId = 0, 
which shows that x = x + w. Clearly z E R and w E R”. Hence R + Rs -= B 
and (C,) is satisfied. Thus R - R” is a right complementor on B. 
(ii) Suppose that A . Band B . A are both dense in A and that Q is a right 
complementor on B. Let I be a closed right ideal of A and R == cl,(I). Then R 
is a closed right ideal of B and, by [S, Theorem 3.4, p. 51, I = R n A. Moreover 
for any closed right ideal N of B, K = cls(N n A) by the proof of (i). It is now 
easy to see that I-+ I’ = [&(I)]4 n A = R” n A satisfies (C,), (C,), 
and (C,). We show next that it also satisfies (C,). Let x E A. By [12, Theorem 
(32.22), p. 2681, x = ay, a E B and y E A. Write a = a, + a2 with a, E R 
and a2 E Rg. Then x = ay = (al + a,)y = a,y + a,y with a,y E R n A =: I 
and a,y E RQ n A = I’. Hence I + I’ = A and (C,) is satisfied. Thus I+ Ir 
is a right complementor on A. 
COROLLARY 5.3. Let A be an A*-algebra which is a dense *-ideal of a B*- 
algebra ‘$l. If A has dense socle then A is dual and the map I + [l,(I)]* on the 
closed right ideals I of A is a right complementor on A. 
Proof. Suppose that A has dense socle. Then A $21 and 2I A are dense m A 
and 9I has dense socle so that, by [15, Th eorem 2.1, p. 222],2I is dual. Therefore 
the map R + [&u(R)]* is a right complementor on the closed right ideals R of ‘$I 
[21, p. 6521. Moreover, by [8, Theorem 4.2, p. 6], A contains a bounded ap- 
proximate identity of 2I. Hence, by Theorem 5.2(ii), I+ [l~(cl@))]* n A is a 
right complementor on the closed right ideals I of A. Observing that 
[la(cls(I))]* n A = [Z,(I)]* completes the proof. 
COROLLARY 5.4. Let A be a Banach algebra which is a dense ideal in a semi- 
simple right complemented Banach algebra B. Let p be a right complementor on B. 
Assume that for every closed right ideal I of A, cl,(I) n A = I, and for every 
x E A, x = ay, a E B, andy E A. Then q: I + [cl,(I)] p n A is a right complementor 
on A. 
Proof, Since Z,(B) = (0), by [I, Lemma 3, p. 391, we have x E cla(xB) for 
every x E B. Therefore by the proof of Theorem 5.2(i), R = cl,(R n A) for 
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every closed right ideal R of B. Moreover since for every x E A, x = ay, a E B, 
y E A, and since for every closed right ideal I of A, I = cl,(l) n A, it follows 
now from the proof of Theorem 5.2(ii) that q: I + IQ is a right complementor 
on A. 
THEOREM 5.5. Let A be a dual AS-algebra. Then the map p: I -+ [lA(I))] * on 
the closed right ideals I of A is a right complementor n A if and only if A is of 
the first kind. 
Proof. If A is of the first kind (for this notion see [ 171) then, by Corollary 5.3,p 
is a right complementor on A. Conversely, suppose thatp is a right complementor 
on A and let ‘8 be the completion of A. Let {ea : (Y E Q} be a maximal family 
of natually orthogonal self-adjoint minimal idempotents in A; {e, : a E Q} is 
also maximal in ti. By [4, Theorem 3.8, p. 2331, for every x E A we have x = Ca 
xe, where the summation is with respect to /) . lIA . Therefore, by [23, Theorem 
5.2, p. 4421, A is an ideal of 2X. 
COROLLARY 5.6. Let G be a compact group. Let A = C(G) the algebra of 
all continuous complex-valued functions on G with convolution multiplication 
and uniform norm and let B = L(G) the group algebra of G. Then the following 
statements are true: 
(i) B is (left, right) complemented if and only if A is so. 
(ii) The map I + [IA(I)] * on the closed right ideals I of A is a right comple- 
mentor on A if and only if G is finite. 
(iii) The map R -+ [l,(R)]* on the closed right Ideals R of B is a right 
complementor n B if and only if G is$nite. 
Proof. A and B are dual A*-algebras of the second kind (if G is infinite), 
A is a dense *-ideal of B, and 11 . ll’A coincides with 1) . IIB [17, p. 321. Moreover 
A contains a bounded approximate identity of B and clearly A . B of B A 
are dense in A. Thus (i) follows from Theorem 5.2 and (ii) and (iii) follow 
from Theorem 5.5. 
THEOREM 5.7. Let A be a semisimple Banach algebra which is a dense ideal 
of a B*-algebra B. Then A is right complementedif andonly if it is left complemented. 
Proof. Suppose A is right complemented. Then S, is dense in A and, 
since S,,, = S, and 11 . llB < D 11 . lIA , S s is dense in B, and therefore B is dual. 
Clearly B . A and A B are dense in A. Let (eel : 01 E Sz} be a maximal family 
of mutually orthogonal self-adjoint minimal idempotents in B and form finite 
sums em1 + ... + ez for all possible choices of tii ,..., Al, E Q. Since x = Car 
xeE = r:, e,x [17, ??heorem 16, p. 301, the family {eal + .t. + e,-} forms a 
bounded approximate identity of B which is clearly contained in A. NOW the 
s80128/2-9 
268 TOMIUK AND YOOD 
map Q: I-t [T&)]* on the closed left ideals I of B is a left complementor on B 
[21, p. 6521 and so, by the left-hand version of Theorem 5.2(ii), the map J- 
[clB(J)]q n A on the closed left ideals J of A is a left complementor on A. 
Likewise if A is left complemented then it is also right complemented. 
We now turn our attention to semisimple annihilator right complemented 
Banach algebras. 
LEMMA 5.8. Let A be a semisimple Banach algebra. Suppose that there exists 
a family {e, : (y. E Q} of mutually orthogonal minimal idempotents in A with the 
following property: If Q, and Q, are subsets of Q, G$ n 52, = ia and Q, u Q, = Q’, 
then ~&L~R~ emA) 0 ~(LR~ e,A) = A. Then every x E A can be expressed 
in the form x = Ca e,x. 
Proof. Let Q, , Qn, be subsets of Q with Q, n 52, = o and Qi u Sz, = Q. 
Since 4(C~,~1 emA) 0 &(LR~ e,A) = A, the projection P on clA(COLER1 e,A) 
along &(LR~ e,A) is continuous. Therefore if x E CuePl e,A and y E CuERa e,A 
then Ij x 11 < 11 P 11 1 x + y // so that, by [4, Theorem 3.4, p. 2311, {e,A : 01 E Q} 
forms an unconditional decomposition for A. This implies that if x E A then 
x =z:,xcf, where x, E e,A and convergence is with respect to the net of finite 
partial sums. It follows now easily that e,x = x, for all 01. Hence x = 1, e,x. 
Let A be a right complemented Banach algebra with a right complementor 
p. An idempotent e in A is called ap-projection if (eA)P = (1 - e)A. If, more- 
over, e is a minimal idempotent, e is called a minimal p-projection. If A is a 
semisimple annihilator right complemented Banach algebra then every nonzero 
right ideal of A contains a minimal p-projection [21, p. 6541. 
THEOREM 5.9. Let A be a semisimple annihilator right complemented Banach 
algebra with a right complementor p. Let {em : OL E 52) be a maximal family of 
mutually orthogonal minimal p-projections in A. Then every x E A can be expressed 
in the form x = Ca e,x. 
Proof. Let Q, , Qa be subsets of 52 with Sz, n 52, = .D and Q, u Q, = Q. 
Let I = 4(Cd1 e,A) and I’ = c1,(x:,,02 e,A). We show that I’ = 19. Let 
M, = (1 - e,)A, OL E Q. Since (1 - eol,)ea,, = em2 for 01~ # 01~ , it follows that 
es E nUER1 M, for all p E Q, , so that I’ C naoRl M, . Now M, = (e,A)P for all 
a~S2 and, by [3, Lemma 2.1, p. 4611, I = clA(Cosnl e,A) = (n,on,(e,A)p)P = 
(fh, M2. Hence Ip = Ln 1 M, . Suppose that I’ # IP. Then (I’)P 3 I and 
so J = (r)P n Iv # (0). Since J C (I’)P and J C IP, we have that J” 3 I + I’. 
But A = cl,& e,A) by [22, Lemma 3.1, p. 501, and clearly I + I’ 3 C, e,A. 
Hence JP = A which contradicts J # (0). Therefore I’ = IP and the proof 
is complete. 
Remark. In Theorem 5.2(i) we assumed the equivalence of the norms 
II . Il’a and II . IIB . It is easy to show that if A is a dense *-subalgebra of any 
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B*-algebra B then [I . l]lA is equivalent to I] . jlB if and only if A is an ideal of B. 
In fact, suppose that A is an ideal of B. From Lemma 5.1 it follows that 11 x ]IfA < 
C jj x ]IB for all x E A. Let K be the completion of A in 11 . Il’A. Since B is semi- 
simple the map i: x -+ x of (A, /I . 11s) into K extends to a continuous isomorphism 
of B into K. Thus B is a normed algebra under II . l/la. Therefore, by [19, 
Corollary (4.8.4), p. 2411, ]I x II: < II x* IllA ]I x ]/IA for all x E B. Since 1) ~(1’~ < 
C I/ x IjB , II x IllA < C II x* ]JIA or II x* IllA < C (1 x IllA for all x E B. Hence 11 x 11: < 
C((l x ll’a)2 or 11 x ]Ie < CY2 II x Il’A for all x E B. Therefore II . JIIA and 11 *II are 
equivalent. Conversely if I/ . ljlA and II . [Ix are equivalent then K = B and since 
11 xy IIR Q ]I x ll’a Ij y [IA for all x, y E A, it follows that A is a left ideal of B and 
therefore an ideal of B. (See [B, Proposition 2.1, p. 211.) 
6. WEAKLY COMPLETELY CONTINUOUS BANACH ALGEBRAS 
Our first main goal is to characterize semisimple r.w.c.c. Banach algebras 
with dense socle in terms of annihilator algebras. 
LEMMA 6.1. A minimal right ideal in a semisimple 1.w.c.c. Banach algebra A 
is a rejexive Banuch space. 
Proof. Let I = eA be a minimal right ideal in A, e = e2. Let U be the 
unit ball of I. For a sequence {ex,} in U the sequence {L,(exJ} contains a sub- 
sequence converging weakly to an element y of A. Thus we get exelL + y weakly 
in A. By the theory of convex sets, y E U. Thus exnL -+ y weakly as elements 
of the Banach space 1. Hence I is reflexive. 
THEOREM 6.2. A semisimple Banach algebra A with dense socle is a 1.w.c.c. 
algebra if and only if every minimal right ideal is a reflexive Banach space. 
Proof. We use the fact that II L, II 5 II a 11 for each a E A. Suppose that every 
minimal right ideal is reflexive. Consider a minimal idempotent e of A, a bounded 
sequence {xn} in A, and an element w E A. The sequence {ewx,} is a bounded 
sequence in eA. Therefore there is a subsequence {ewx,3 and an element 
y E eA such that ewx,* -+y weakly in A. Hence ew is 1.w.c.c. It follows that 
each element of S, is 1.w.c.c. For an arbitrary z E A consider a sequence {zn} 
in S, , /] z - .z, II ---f 0. Then II L, -L,” I] ---f 0. But the limit in the uniform 
operator topology of a sequence of weakly completely continuous operators is 
also W.C.C. Therefore z is 1.w.c.c. 
It follows from Theorem 6.2 that every semisimple annihilator Banach algebra 
and every semisimple bicomplemented Banach algebra is W.C.C. See [lo, 211. 
THEOREM 6.3. Let A be a I.w.c.c. semisimple Banach algebra with dense socle. 
Let K be a closed ideal in A such that K = Kaa. Then A/K is a 1.w.c.c. semi- 
simple Banuch algebra with dense socle. 
270 TOMIUK AND YOOD 
Proof. By Theorem 3.7 we see that A/K is semisimple and has dense socle. 
Let 0 be the natural homomorphism of A onto A/K. Consider a minimal right 
ideal I of A. Inasmuch as In K = I or In K = (0), either a(l) = (0) or 0 is 
one-to-one on I. Suppose that a(l) # (0). N ow if e is an idempotent generator 
for 1, a(e)(A/K) u(e) =I {Au(e) : h complex} by the Gelfand-Mazur theorem. 
In other words a(l) is a minimal right ideal of A/K and hence closed in A/K. 
Since u is bounded it follows from a well-known theorem of Banach that u is 
bicontinuous on I. Therefore a(l) is reflexive. As in the proof of Theorem 6.2, 
we see that left multiplication in A/K by each element of u(I) is W.C.C. However, 
o(S,) is dense in A/K so that A/K has a dense set of elements which are 1.w.c.c. 
Arguing as in the proof of Theorem 6.2 we get A/K to be 1.w.c.c. 
By Theorem 3.7 we note that K = Kaa is automatically true if A/K is semi- 
simple. This leads to the following: 
COROLLARY 6.4. Let A be a semisimple 1.w.c.c. Banach algebra with dense 
socle. Then there is a norm reducing isomorphism of A onto a normed subdirect 
sum of primitive 1.w.c.c. Banach algebras with dense socle. 
Proof. For a primitive ideal P of A, A/P is semisimple so that P = Paa. 
By Theorem 6.3, A/P is 1.w.c.c. with dense socle. The result follows from [l 1, 
Proposition 11, p. 136J. 
Each minimal closed ideal of A is 1.w.c.c. and has dense socle. Therefore A 
is a direct topological sum of topologically simple 1.w.c.c. Banach algebras 
with dense socle. 
We can, of course, interchange left and right in the above results. We shift 
to r.w.c.c. in the next discussion so that we can use, undisturbed, notions 
already established in the literature. 
As in Section 3, we let E = E(A) denote the set of minimal idempotents 
of A. For e E E, AeA is a minimal (two-sided) ideal of A so that its closure is a 
minimal closed ideal of A. Following Bonsai1 and Goldie [ 10, Theorem 13, p. 1611 
we consider, corresponding to each ey E eA, a bounded linear functional fr, E 
(Ae)* defined by the equation 
fe&e)e = eyxe, 
for all xe E Ae. The mapping II’, = fer is shown there to be a continuous 
one-to-one linear mapping of eA into (Ae) *. We note that its image is a total 
set of linear functionals on Ae. For if f,,(ze) = 0 for ally E A then AeAze = (0) 
and therefore ze = 0 inasmuch as AeA is semisimple. 
This is used below in the special case where Ae is a reflexive Banach space. 
We see, in that situation, that the range of W, must be dense in (Ae)*. 
THEOREM 6.5. Let A be a semisimple Banach algebra with dense socle. A is 
r.w.c.c. if and only if there is a normed algebra norm jj x Ii1 on A such that (I) 
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11 x /I1 5 j/ x ljfor aZZ x E A, (2) the completion B of A in the norm 11 x II1 is a semisimple 
annihilator Banach algebra, and (3) the minimal left ideals of A are complete 
in the norm 11 x II1 . 
Proof. The “if” statement is not difficult. Suppose that A can be renormed 
as stated. Let Ap, p = p2, be a minimal left ideal of A. By the Closed-Graph 
Theorem, the two norms // x 11 and I/ x /II are equivalent on Ap. As in the proof 
of Lemma 4.1, one sees that Ap = Bp. As Bp is a minimal left ideal of B and Bp 
is reflexive by [lo, Theorem 13, p. 1611 so is Ap in the norm jl x 11. By Theorem 
6.2, it follows that A is r.w.c.c. 
Now suppose that A is r.w.c.c. We verify the theorem first in the special case 
that A is topologically simple. Let I = Ae, e = e2, be a minimal left ideal of A. 
By Lemma 6.1, I is reflexive. As in [lo, Theorem 9, p. 1591, to each a E A we 
associate the operator T, defined by T,(xe) = axe. The mapping a --+ T, is a 
norm reducing isomorphism of the Banach algebra A into B(I), the Banach 
algebra of all bounded linear operators on I in the uniform topology. 
Consider any V E B(I) with one-dimensional range. The operator V has the 
form V(y) = x*(y)y,, , y ~1, where ya = +,e is an element of I and x* EI*. 
As noted above the range of W, is dense in I* since I is reflexive. Therefore 
there exists a sequence (ex,j in eA such that 11 W,(ex,) - x* /I + 0 as n -+ CO. 
Let z, = y,,x, = x,,ex, . For each y E I, 
II T,,,(Y) - VY)II = II xoexnye - X*(Y) Xoe II 
= II w$We(e4(y) - x*b~>lll 
5 II Xoe II II W&G - x* II II y II. 
This approaches zero uniformly for /I y II 5 1 as tt -+ co. 
As a consequence we see that the closure B in B(I) of the image of the mapping 
a -+ T, contains the set F(I) of all elements of B(I) with finite-dimensional 
range. That B is an annihilator algebra follows from I being reflexive via [19, 
Theorem (2X23), p. 1041. 
Let p be any minimal idempotent of A. We claim pAe # (0). For otherwise 
pAeA = (0) and, as A is topologically simple so that AeA is dense in A, this 
would imply that p = 0. By [25, Lemma 5.1, p. 3581 pAe is one-dimensional, 
say all the scalar multiples of z ~pAe. The mapping y --f pye of I = Ae onto 
this set of scalar multiples can be expressed in the form y + z*(y)z, where 
z* E (Ae)* = I*. Given x E A, y E I, we have 
T,,(y) = xpye = z*(y) xz. 
Therefore the image Q in B of Ap under the mapping xp --f T,, consists of 
all operators of the form y -+ z*(y) XZ. Now Ax # 0 since x # 0. Also, as 
z E Ae we see that AZ = Ae = I. Thus Q is the set of all operators y -+ zig, 
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for z, E I, which is clearly closed in B(I) in the uniform topology. Hence Ap is 
continuously isomorphic to the Banach space Q. By a well-known theorem of 
Banach, the isomorphism is a bicontinuous mapping of Ap onto Q. Therefore 
Ap is complete if we use on it the metric given by carrying back the norm on 
B(I). Now we set /I x Ijr = /I T, 11, x E A, and have verified the theorem in the 
case where A is topologically simple. 
We make one more observation in the case A is topologically simple, namely 
that B is also topologically simple. For B is clearly primitive so that its socle SB 
is contained in every nonzero ideal of B. However, SB is dense in B. 
We now turn to the case where A is any semisimple r.w.c.c. Banach algebra 
with dense socle. Let KI ,..., K, be a finite set of different minimal closed ideals 
ofA(sothat~v=OifuEK~ veKi andi#j).Foreachj=i,...,nlete, 
be a minimal idempotent in Ki and set Ij = Kjej = Aej . Each Kj is a topo- 
logically simple r.w.c.c. Banach algebra with dense socle. Therefore, by the 
above, there exists a norm-reducing isomorphism y---f Ty) of Kj into B(I,) 
defined by Tf)(xej) = yxej . 
LetyjEKj, j = I,..., n. We wish to establish the inequality 
max{ll T(j) Ij j = 1 YY ’ I..., 4 5 IIY1 + -** +Ynll. (*I 
Take first the normed linear space I = II + ... + I, . Actually I is complete 
but we do not need this fact. Next consider 2 = Kl @ ... 0 K, as a normed 
subalgebra of A. We define a mapping of 2 into B(I), the algebra of all bounded 
linear operators on I, by the rule x + T, , where 
Clearly I\ T, I] I; II x /I, x E 2. On the other hand, write z E 2 in the form 
z=y,+ . ..+yn.yieK3, j= I,..., n, and let U, be the unit ball of Ii . 
Since Uj is contained in the unit ball of I, we have 
11 2-z 11 2 sup{]/ T,(u)lj: u E U,} = sup(II T$j’(u)ll: u E Uj} = /I T;;‘ll. 
These facts show directly that (*) holds. 
Let {Ka , (Y E /l} be the collection of all the distinct minimal closed ideals of A. 
By the first part of the proof, for each 01 E (1, there is a norm reducing isomorphism 
T, of K, onto a dense subalgebra Da of a topologically simple annihilator Banach 
algebra B, so that T, is bicontinuous on each minimal left ideal of K, . 
We construct the B(oo)-sum B of the Banach algebras B, , OL E (1, as follows 
(see [14, p. 4111). Consider all complexes {x,}, where each X, E B, , OL E A, 
made into an algebra by defining operations componentwise. Let B be the 
subset of all {x~} which “vanish at co.” That is, for every E > 0, Ij x, /I < E 
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for all but a finite number of indices 01. Under the norm ]1{~01>1/ = sup{]] X, 11, 
or~rl}, B is a Banach algebra. Using [19, Theorem (2.8.29), p. 106’J one sees 
that B is a semisimple annihilator Banach algebra. 
Let D be the subset of B consisting of all {~a> with the property that X, = 0 
except for a finite number of indices. Clearly D is a dense subalgebra of B. 
Denote by I’ the set of all finite sums Cyj , where yj E Km, for eachj. Now r is 
a dense subalgebra of A and furthermore, for y E r, the representation 
where yj E Ka, (j = l,..., rz) and the Km, are distinct minimal closed ideals of A, 
is unique up to the order of terms in the summation. We map any such y onto 
an element of D by defining T(y) = (x,}, where 
x% = Ta,(Yd, j = l,..., 71, 
x, = 0, if ci # 0~~ , j = l,..., n. 
Clearly T is an algebraic isomorphism of r onto D. Moreover 
11 T(y)11 = SUP{II Xa, lj,j = I,..., n> 5 
II Ii i yk = I/Y II k=l 
by our formula (*). Thus T is a norm reducing isomorphism of r onto D. 
We can extend T to be a norm reducing homomorphism T’ of A into B. Consider 
the kernel K of T’. Inasmuch as K n K, = (0) for each 01 ~fl, we have 
KK, = (0), 01 E (1. But A is the direct topological sum of the K, . Therefore 
KA = (0). As A is semisimple we get K = (0), or T’ is one-to-one. We now 
define II Y IL , Y E 4 by II Y II1 = II T’(r)ll. C onsider a minimal left ideal Ap, 
p = pz, of A. We have Ap C K, for some OL E A. But T, is bicontinuous on Ap 
so that Ap is complete in the norm 11 y ]I1 . This completes the proof of Theorem 
6.5. 
We can describe the algebra B associated with the algebra A of Theorem 6.5 
in more detail. By the work of Olubummo [18], B is a semisimple annihilator 
Bx-algebra. 
Consider the notion of an abstract Segal algebra in the formulation given in 
[la. Let B be a Banach algebra with norm Ij x 11s and let A be a dense left ideal 
in B such that A is a Banach algebra in some norm 11 x IIA and there exists M > 0 
such that II x jlB 5 M 11 x IIA for all x E A. Then we call A an abstract Se& 
algebra in B. 
Our work above introduces us to a related but different concept. Let B be a 
semisimple Banach algebra (11 x 11s) and let A be a semisimple subalgebra which 
is a Banach algebra in some norm (I x IIA . We say that A is a left snug subalgebra 
of B if S, is a dense left ideal in B. 
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To compare these two notions we examine the situation of two semisimple 
Banach algebras A and B, where A is a dense subalgebra of B. Of concern is 
whether or not the embedding is continuous, i.e., if there exists M > 0 such 
that [I x IlB 5 M /I x IIA for all x E A. 
LEMMA 6.6. (a) If A is a left snug subalgebra of B, the embedding is continuous. 
(b) Suppose that S, is dense in A(11 x IlJ. Then S, is dense in B if and only 
zf the embedding is continuous. 
(c) If A is an abstract Segal algebra in B and S, is dense in A(/1 x II,,& then A 
is a left snug subalgebra of B. 
(d) There are commutative examples where S, is dense in A, A is a left 
mug subalgebra of B, and A is not a Segal algebra in B. 
Proof. (a) As noted in the proof of Lemma 4.1, S, C S, so that S, is 
dense in B. By [26, Lemma 3.11, p. 411, B is a modular annihilator algebra. 
The embedding is continuous as a consequence of [6, Corollary, p. 1036J. 
(b) If S, is dense in B, the embedding is continuous as in (a). If the 
embedding is continuous, S, is dense in B as the continuous image of a dense set. 
(c) By (b), S, is dense in B. Let p be a minimal idempotent of A and let 
{x,p} be a Cauchy sequence in Ap in the norm II ~11~. For some w E B, 
I/ w - x,p IjB -+ 0. But then II wp - x,p IjB + 0. As A is a left ideal in B, wp E Ap 
so that Ap is complete in the norm 11 x /Ia . By Lemma 4.1 we see that S, is a 
left ideal in B. 
(d) In [2, Example 2, p. 7381 we have a commutative dual A*-algebra 
A of the second kind. Then A is semisimple and S, is dense in A. Consider 
the completion B of A in the auxiliary pre-B*-algebra norm // x IjB of A. B is 
semisimple. The minimal ideals of A are one-dimensional and so complete in the 
norm of B. Therefore, by Lemma 4.1, S, is an ideal in B. The embedding 
of A in B is continuous by [19, Corollary (4.1.16), p. 1871 so that, by (b), we 
see that A is a snug subalgebra of B. On the other hand, as shown in [2], A is 
not an ideal in B. 
THEOREM 6.7. Let A be a semisimple Banach algebra with dense socle. Then 
the following statements are equivalent: 
(4 A is r.w.c.c. 
(b) A is a left snug subalgebra of a semisimple annihilator Banach algebra. 
(c) A is a left snug subalgebra of a semisimple r.w.c.c. Banach algebra. 
Proof. That (a) implies (b) follows from Theorem 6.5 and Lemma 4.1. 
Since every semisimple annihilator Banach algebra is w.c.c., (b) implies (c). 
Suppose that (c) holds. Let p be a minimal idempotent of A. By Lemma 4.1, 
TOPOLOGICAL ALGEBRAS WITH DENSE SOCLE 275 
Ap is complete in 11 x j]s and Ap = Bp. Note that, by Lemma 6.6, the embedding 
of A in B is continuous. Thus the identity map of Ap(ll x [iA) onto Bp(ll x llB) is 
continuous. Moreover Ap = Bp is complete in each norm. By Banach’s theorem 
the identity map on Ap is bicontinuous. But Bp is reflexive (11 x 11s) by Lemma 6.1. 
Therefore it is reflexive in I/ x IIA and, via Theorem 6.2, A is r.w.c.c. 
The following result rounds out the picture. 
THEOREM 6.8. Let A be a semisimple r.w.c.c. Banach algebra with dense 
socle. Then any semisimple Banach algebra B in which A is a left snug subalgebra 
is also r.w.c.c. 
Proof. As S, C Ss , we see from Lemma 6.6 that Ss is dense in B. Then, 
by Theorem 6.2, it is sufficient to show that I = Bp is reflexive, where p is a 
minimal idempotent of B. 
First, as S, is dense in B, pS, # (0). Therefore there exists a minimal 
idempotent e of A such that pe # 0. As S, is a left ideal of B, peA is a right 
ideal, # (0), in A. By [26, Lemma 3.1, p. 371 there is a minimal idempotent f 
of A, j ~peA. Choose x E A such that pex = f. Since (pex)” = f, we see that 
fp = pexp # 0. But pBp = {hp: h complex}. Thus, for a complex h # 0, 
fp = hp. By the definition off, pf = f. Th ere fore the spectrum of pf is the set 
of numbers (0, l}. Therefore 1 is the only nonzero number in the spectrum of fp. 
As fp = hp, we must have h = 1. Therefore pf = f, fp = p. 
As Af is complete in both norms, Af = Bf. Then I = Bp = Bfp = Afp. 
The two norms are equivalent on Af so there exists c > 0, where II xf /iA s 
c I/ xf 11s for all x E A. Consider the linear operator R, of right multiplication 
by p. R, is a linear mapping of Af onto I. We show that R, is one-to-one on Af. 
For if xfp = 0 for some x E A, then (as fp = p), xp = 0 so that xpf = xf = 0. 
Moreover, R, is continuous as a mapping of Af (I] x IIA) onto I(11 x llB) inasmuch as 
11 xfp I/B 5 II xf IIB I/P h? 5 (c II p b) II xf /IA 3 
for all x E A. By Banach’s theorem, R, is a bicontinuous mapping of Af onto I. 
As Af is reflexive by Lemma 6.1, then so is I. 
THEOREM 6.9. A semisimple Banach algebra A is an annihilator algebra if 
and only if A is r.w.c.c. and is a left annihilator algebra. 
Proof. Suppose that A is r.w.c.c. and is a left annihilator algebra. A has 
dense socle and is the direct topological sum of its minimal closed ideals by [20]. 
Let M be a minimal closed ideal of A. By [20] or Theorems 3.3 and 3.4, M is a 
r.w.c.c. left annihilator algebra with dense socle. Let e be a minimal idempotent 
of M and I = Ae = Me. Consider the mapping a + T, of M into B(I), where 
T,(xe) = axe, x E M. By [lo, Theorem 10, p. 1601, the image of a + T, contains 
all finite-dimensional operators in B(I). Using [19, Theorems (2.8.23) and 
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(2.8.29) pp. 104 and 106j we see first that M is an annihilator algebra and then 
that A is an annihilator algebra. 
COROLLARY 6.10. Let A be a semisimple annihilator Banach algebra which 
is a left snug subalgebra of a semisimple Banach algebra B. Then B is an annihilator 
algebra. 
Proof. First, B is r.w.c.c. by Theorem 6.8. Also, B is a left annihilator 
algebra by Theorem 4.5. Then B is an annihilator algebra by Theorem 6.9. 
Following Barnes [9, p. 1741 we call a minimal idempotent e in A full if there 
exists c > 0 such that 
SUPUI eyxe /I : II ey II 5 1) 2 c II x.9 II, 
for all xe E Ae. 
COROLLARY 6.11. A semisimple Banach algebra A with dense socle is an 
annihilator algebra if and only if A is 1.w.c.c. and every minimal idempotent 
of A is full. 
Proof. The “only if” follows from the analysis of [lo, Theorem 13, p. 1613. 
Suppose that A is I.w.c.c. with every minimal idempotent full. Let A0 be the 
algebra opposite to A, i.e., define xy in A0 to be yx where the latter multiplication 
is in A. Then A0 is r.w.c.c. and, for a given minimal idempotent e, A”e is reflexive 
by Lemma 6.1. Since e is full we get 
11 We( = 11 e11-l sup{// ezxe 11 : I/ xe jl 5 1 in AOe) 
2 c II e II-l II ex IL 
for all ez E eA”. Therefore W, is a bicontinuous map of eA” into (AOe)*. However 
we know that the range of W, is dense in (AOe)*. Therefore the range of W, 
is all of (AOe)*. 
Let M be the minimal closed ideal of A0 containing e. The mapping a -+ T, 
discussed in the proof of Theorem 6.9 must contain all finite-dimensional 
bounded linear operators on I = AOe. As in that proof we see that A0 is an 
annihilator algebra, But then so is A. 
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